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Abstract
Using adjoint representation of Lie superalgebras, we write the matrix form of super Jacobi and mixed
super Jacobi identities of Lie super-bialgebras. Then through direct calculations of these identities and use
of automorphism supergroups of two and three dimensional Lie superalgebras, we obtain and classify all two
and three dimensional Lie super-bialgebras.
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1 Introduction
Lie bialgebras were first introduced from the mathematical point of view, by Drinfel’d as algebraic structures and
classical limit of underlying quantized enveloping algebras (quantum groups) [1]. In particular, every deformation
of a universal enveloping algebra induces a Lie bialgebra structure on the underlying Lie algebra. Conversely
it has been shown in [2] that each Lie bialgebra admits quantization. So the classification of Lie bialgebras can
be seen as the first step in the classification of quantum groups. Many interesting examples of Lie bialgebras
based on complex semisimple Lie algebras have been given in Derinfel’d [1]. A complete classification of Lie
bialgebras with reduction double was given in [3]. However a classification of Lie bialgebras is out of reach,
just for similar reasons as for the Lie algebra classification. In the non-semisimple case only a bunch of low
dimensional examples has been thoroughly studied [4, 5, 6, 7]. On the other hand, from the physical point
of view, the theory of classical integrable system naturally relates to the geometry and representation theory
of Poisson-Lie groups and the corresponding Lie bialgebras and their classical r-matrices (see for example [8]).
In the same way, Lie super-bialgebras [9], as the underlying symmetry algebras, play an important role in
the integrable structure of AdS/CFT correspondence [10]. In this way and by considering that there is a
universal quantization for Lie super-bialgebras [11], one can assign an important role to the classification of Lie
super-bialgebras (especially low dimensional Lie super-bialgebras) from both physical and mathematical point
of view. There are distinguished and nonsystematic ways for obtaining low dimensional Lie super-bialgebras (see
for example [12, 13, 14]). In this paper, using adjoint representation of Lie superalgebras, we give a systematic
way for obtaining and classification of low dimensional Lie super-bialgebras. We apply this method to the
classification of two and three dimensional Lie super-bialgebras.
The paper is organized as follows. In section two, we give basic definitions and notations that are used
throughout the paper. The systematic way of classification of Lie super-bialgebras by using matrix form of
super Jacobi (sJ) and mixed super Jacobi (msJ) identities of Lie super-bialgebras is described in section three.
A list of two and three dimensional Lie superalgebras of [15] is offered in section 4. The obtained automorphism
Lie supergroups of these Lie superalgebras are also presented in section 4 . Then, using the method mentioned
in section two, we classify all 48 two and three dimensional Lie super-bialgebras in section five. The details
of calculations are explained using an example. The concluding section discusses some remarks. Certain
properties of tensors and supermatrices are brought in the appendix A. Solutions of (sJ −msJ) identities and
their isomorphism matrices are give in the appendix B.
2 Basic definitions and notations
In this paper we use DeWitt notation for supervector spaces, supermatrices,...[16]. Some of definitions and
related notations are brought in appendix A.
Definition: A Lie superalgebra g is a graded vector space g = gB
⊕
gF with gradings; grade(gB) =
0, grade(gF ) = 1; such that Lie bracket satisfies the super antisymmetric and super Jacobi identities, i.e. in a
graded basis {Xi} of g if we put1
[Xi, Xj] = f
k
ijXk, (1)
then
(−1)i(j+k)fmjlf lki + fmilf ljk + (−1)k(i+j)fmklf lij = 0, (2)
so that
fkij = −(−1)ijfkji. (3)
Note that, in the standard basis, fBBB and f
F
BF are real c-numbers and f
B
FF are pure imaginary c-numbers
and other components of structure constants f ijk are zero [16], i.e. we have
fkij = 0, if grade(i) + grade(j) 6= grade(k) (mod2). (4)
1Note that the bracket of one boson with one boson or one fermion is usual commutator but for one fermion with one fermion is
anticommutator. Furthermore we identify grading of indices by the same indices in the power of (-1), for example grading(i) ≡ i;
this is the notation that DeWitt applied in his book [16] .
2
Let g be a finite-dimensional Lie superalgebra and g∗ be its dual vector space and let ( , ) be the canonical
pairing on g∗
⊕
g.
Definition: A Lie super-bialgebra structure on a Lie superalgebra g is a super skew-symmetric linear map
δ : g −→ g ⊗ g (the super cocommutator) so that2 [9]
1)δ is a super one-cocycle, i.e.
δ([X,Y ]) = (adX ⊗ I + I ⊗ adX)δ(Y )− (−1)|X||Y |(adY ⊗ I + I ⊗ adY )δ(X) ∀X,Y ∈ g, (5)
2) the dual map tδ : g∗ ⊗ g∗ → g∗ is a Lie superbracket on g∗, i.e.
(ξ ⊗ η, δ(X)) = (tδ(ξ ⊗ η), X) = ([ξ, η]∗, X) ∀X ∈ g; ξ, η ∈ g∗. (6)
The Lie super-bialgebra defined in this way will be denoted by (g,g∗) or (g, δ).
Proposition: Super one-cocycles δ and δ′ of the Lie superalgebra g are said to be equivalent if there exists
an automorphism A of g such that
δ′ = (A⊗A) ◦ δ ◦A−1. (7)
In this case the two Lie super-bialgebras namely (g, δ) and (g, δ′), are equivalent [7].
Definition: AManin super triple [9] is a triple of Lie superalgebras (D,g, g˜) together with a non-degenerate
ad-invariant super symmetric bilinear form < , > on D such that
1) g and g˜ are Lie sub-superalgebras of D,
2) D = g⊕ g˜ as a supervector space,
3) g and g˜ are isotropic with respect to <,>, i.e.
< Xi, Xj >=< X˜
i, X˜j >= 0, δi
j =< Xi, X˜
j >= (−1)ij < X˜j, Xi >= (−1)ijδji, (8)
where {Xi} and {X˜ i} are basis of Lie superalgebras g and g˜, respectively. Note that in the above relation δji
is the ordinary delta function. There is a one-to-one correspondence between Lie super-bialgebra (g,g∗) and
Manin super triple (D,g, g˜) with g∗ = g˜ [9]. If we choose the structure constants of Lie superalgebras g and g˜
as
[Xi, Xj ] = f
k
ijXk, [X˜
i, X˜j] = f˜ ijkX˜
k, (9)
then ad-invariance of the bilinear form <,> on D = g⊕ g˜ implies that
[Xi, X˜
j] = (−1)j f˜ jkiXk + (−1)if jkiX˜k. (10)
Clearly, using the equations (6) and (9) we have3
δ(Xi) = (−1)jkf˜ jkiXj ⊗Xk. (11)
As a result of applying this relation to the super one-cocycle condition (5), the super Jacobi identities (2) for
the dual Lie superalgabra and the following mixed super Jacobi identities are obtained4
fmjkf˜
il
m = f
i
mkf˜
ml
j + f
l
jmf˜
im
k + (−1)jlf ijmf˜mlk + (−1)ikf lmkf˜ imj . (12)
2 Here |X|(|Y |) indicates the grading of X(Y ).
3Note that the appearance of (−1)jk in this relation is due to the definition of natural inner product between g⊗g and g∗⊗g∗
as (X˜i ⊗ X˜j ,Xk ⊗Xl) = (−1)jkδikδj l.
4This relation can also be obtained from super Jacobi identity of D.
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3 Calculation of Lie super-bialgebras using adjoint representation
As discussed in the introduction, by use of super Jacobi and mixed super Jacobi identities we classify two and
three dimensional Lie super-bialgebras. This method was first used to obtain three dimensional Lie bialgebras
in [4]. Because of tensorial form of super Jacobi and mixed super Jacobi identities, working with them is not
so easy and we suggest writing these equations as matrix forms using the following adjoint representations for
Lie superalgebras g and g˜
(X˜ i)j k = −f˜ ijk, (Yi) jk = −f ijk. (13)
Then the matrix forms of super Jacobi identities (2) for dual Lie superalgebra g˜ and mixed super Jacobi
identities (12) become as follows respectively:
(X˜ i)j kX˜ k − X˜ jX˜ i + (−1)ijX˜ iX˜ j = 0, (14)
(X˜ i)j l Y l = −(−1)kX˜ st j Yi + YjX˜ i − (−1)ijYiX˜ j + (−1)k+ijX˜ st i Yj . (15)
Note that in the above relations we use the right indices for the matrix elements and index k represents the
column of matrix X˜ st.
Having the structure constants of the Lie superalgebra g, we solve the matrix equations (14) and (15) in
order to obtain the structure constants of the dual Lie superalgebras g˜ so that (g, g˜) is Lie super-bialgebra.
We assume that, we have classification and tabulation of the Lie superalgebras g (for example two and three
dimensional Lie superalgebras for this paper)5. We fulfill this work in the following three steps using Maple.
Step 1) With the solution of matrix equations (14) and (15) for obtaining matrices X˜ i, some structure
constants of g˜ are obtained zero, and some unknown or in terms of each other. In order to know whether g˜ is one
of the Lie superalgebras of table or isomorphic to those, we must use the following isomorphic relation between
obtained Lie superalgebras g˜ and one of the Lie superalgebras of table, e.g. g′. Applying the transformation
(37) for a change of basis g˜ we have
X˜
′ i = Ci jX˜
j, [X˜
′ i, X˜
′ j ] = f˜
′ ij
k X˜
′ k, (16)
then the following matrix equations for isomorphism
(−1)i(j+l) C (Cik X˜ k˜(g)) = X
i
(g′) C, (17)
are obtained, where the indices j and l corresponds to the row and column of C in the left hand side of (17). In
the above matrix equations X i(g′) are adjoint matrices of known Lie superalgebra g′ of the classification table.
Solving (17) with the condition sdetC 6= 0 we obtain some extra conditions on f˜kl(g˜) m’s that were obtained from
(14) and (15).
Step 2) As the second step we transform Lie super-bialgebra (g, g˜) (where in the Lie superalgebra g˜ we
impose extra conditions obtained in the step one) to Lie super bialgebra (g,g′.i) (where g′.i is isomorphic as
Lie superalgebra to g′) with an automorphism of the Lie superalgebra g. As the inner product (8) is invariant
we have A−st : g˜ −→ g′.i,
X ′i = (−1)kA ki Xk, X˜
′ j = (A−st)j lX˜
l, < X ′i, X˜
′ j >= δ ji , (18)
where A−st is superinverse supertranspose of every matrix A ∈ Aut(g) 6. Thus we have the following transfor-
mation relation for the map A−st
(−1)k(j+l)(A−st)i kf˜kl(g˜) m(A−st)j l = f ij(g′.i) n(A−st)nm. (19)
Now, for obtaining Lie super-bialgebras (g,g′.i), we must find Lie superalgebras g′.i or transformations B :
g′ −→ g′.i such that
(−1)k(j+l)Bi kfkl(g′)mBjl = f ij(g′.i) nBnm. (20)
5Here we explain the method in general and one can apply it for classification of other low dimensional Lie super-bialgebras [17].
6Aut(g) is the automorphism supergroup of the Lie superalgebra g
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For this purpose, it is enough to omit f ij(g′.i) n between (19) and (20). Then we will have the following matrix
equation for B 7
(A−st)i mX˜ st m˜(g) A
−1 = (−1)i(l+j)(BstA)−1(Bi kX st k(g′))Bst, (21)
where indices l and j are row and column of Bst in the right hand side of the above relation. Now by solving
(21) we obtain the general form of matrix B with the condition sdetB 6= 0. In solving (21) one can obtain
conditions on elements of matrix A, yet we must only consider those conditions under which we have sdetA 6= 0
and matrices A, B and A−st have the general transformation matrix form (38).
Step 3) Having solved (21), we obtain the general form of the matrix B so that its elements are written in
terms of the elements of matrices A, C and structure constants f˜ ij(g˜) k. Now with substituting B in (20), we
obtain structure constants f ij(g′.i) n of the Lie superalgebra g
′.i in terms of elements of matrices A and C and
some f˜ ij(g˜) k. Then we check whether it is possible to equalize the structure constants f
ij
(g′.i) n with each other
and with ±1 or not so as to remark sdetB 6= 0, sdetA 6= 0 and sdetC 6= 0. In this way, we obtain isomorphism
matrices B1, B2,... . As B
st
i must be in the form of transformation matrices (38), we obtain conditions on the
matrices Bi. The reason is that if (g,g
′.i) is Lie super-bialgebra, then (g′,g.i) will be Lie super-bialgebras with
Bsti : g −→ g.i. Note that in obtaining Bis we impose the condition BBi−1 ∈ Autst(g) 8; if this condition is
not satisfied then we can not impose it on the structure constants because B and Bi are not equivalent (see
bellow).
Now using isomorphism matrices B1, B2,... , we can obtain Lie super-bialgebras (g,g
′.i), (g,g′.ii),... . On
the other hand, there is the question: which of these Lie super-bialgebras are equivalent? In order to answer this
question, we use the matrix form of the relation (7). Consider the two Lie super-bialgebras (g,g′.i), (g,g′.ii);
then using 9
A(Xi) = (−1)jA ji Xj , (22)
the relation (7) will have the following matrix form
(−1)i(j+l)Ast((Ast)i kX(g′.i)k) = X(g′.ii)iAst. (23)
On the other hand, the transformation matrix between g′.i and g′.ii is B2B
−1
1 if B1 : g
′ −→ g′.i and B2 :
g′ −→ g′.ii; then we have
(−1)i(j+l)(B2B−11 )((B2B−11 )i kX(g′.i)k) = X(g′.ii)i(B2B−11 ). (24)
A comparison of (24) with (23) reveals that if B2B
−1
1 ∈ Ast holds, then the Lie super-bialgebras (g,g′.i) and
(g,g′.ii) are equivalent. In this way, we obtain nonequivalent class of Bis and we consider only one element of
this class. Thus, we obtain and classify all Lie super-bialgebras. In the next section, we apply this formulation
to two and three dimensional Lie superalgebras.
4 Two and three dimensional Lie superalgebras and their automor-
phism supergroups
In this section, we use the classification of two and three dimensional Lie superalgebras listed in [15]. In this
classification, Lie superalgebras are divided into two types: trivial and nontrivial Lie superalgebras for which the
commutations of fermion-fermion is zero or nonzero respectively (as we use DeWitt notation here, the structure
constant CBFF must be pure imaginary). The results have been presented in tables 1 and 2. As the tables
(m,n −m) indicate the Lie superalgebras have m, {X1, ..., Xm} bosonic and n −m, {Xm+1, ..., Xn} fermionic
generators.
7 Note that for A−st and A−1 in (21) we use row and column indices on the right hand sides.
8 Autt(g) is the supertranspose of Aut(g).
9Note that the effect of A is linear and even i.e.
A(a ji Xj) = a
j
i A(Xj).
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Table 1 : Trivial Lie superalgebras
Type g Bosonic bases Fermionic bases Commutation relations Comments
(1, 1) B X1 X2 [X1, X2] = X2
(2, 1) C1
p
X1, X2 X3 [X1, X2] = X2, [X1, X3] = pX3 p 6= 0
C2
p
X1 X2, X3 [X1, X2] = X2, [X1, X3] = pX3 0 < |p| ≤ 1
C3 X1 X2, X3 [X1, X3] = X2 Nilpotent
(1, 2) C4 X1 X2, X3 [X1, X2] = X2, [X1, X3] = X2 +X3
C5
p
X1 X2, X3 [X1, X2] = pX2 −X3, [X1, X3] = X2 + pX3 p ≥ 0
Table 2 : Nontrivial Lie superalgebras10.
Type g Bosonic bases Fermionic bases Commutation relations Comments
(1, 1) (A1,1 + A) X1 X2 {X2, X2} = iX1
(2, 1) C11
2
X1, X2 X3 [X1, X2] = X2, [X1, X3] =
1
2
X3, {X3, X3} = iX2
(A1,1 + 2A)
1 X1 X2, X3 {X2, X2} = iX1, {X3, X3} = iX1 Nilpotent
(1, 2) (A1,1 + 2A)
2 X1 X2, X3 {X2, X2} = iX1, {X3, X3} = −iX1 Nilpotent
One can check whether super Jacobi identities for the above Lie superalgebras are satisfied. As mentioned
in section 3 for obtaining dual Lie superalgebras we need automorphism supergroups of Lie superalgebras. In
order to calculate the automorphism supergroups of two and three dimensional Lie superalgebras, we use the
following transformation:
X ′i = (−1)j A ji Xj , [X ′i, X ′j] = fkijX ′k, (25)
thus we have the following matrix equation for elements of automorphism supergroups
(−1)ij+mkAYkAst = YeA ke , (26)
where index j is the column of matrix A and indices i and m are row and column of Ast in the left hand side.
Using (26) with the condition sdetA 6= 0 and imposing the condition that A must be in the form (38), we obtain
table 3 for automorphism supergroups
10Note that the superalgebra A is a one dimensional abelian Lie superalgebras with one fermionic generator and superalgebra
A1,1 is its bosonization.
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Table 3 : Automorphism supergroups of the two and three dimensional Lie superalgebras
g Automorphism supergroups comments
B
(
1 0
0 b
)
b ∈ ℜ− {0}
(A1,1 +A)
(
a2 0
0 a
)
a ∈ ℜ − {0}
C1p

 1 a 00 c 0
0 0 d

 p ∈ ℜ − {0}, c, d ∈ ℜ− {0}, a ∈ ℜ
C1
1
2

 1 a 00 b2 0
0 0 b

 b ∈ ℜ− {0} , a ∈ ℜ
C21

 1 0 00 c b
0 a d

 ab − cd 6= 0
C2p

 1 0 00 c 0
0 0 d

 c, d ∈ ℜ− {0}, p ∈ [−1, 1]− {0}
C3

 a 0 00 ad 0
0 e d

 a, d ∈ ℜ− {0}, e ∈ ℜ
C4

 1 0 00 c 0
0 d c

 c ∈ ℜ − {0}, d ∈ ℜ
C5p

 1 0 00 c −d
0 d c

 p ≥ 0, c ∈ ℜ− {0} or d ∈ ℜ − {0}
(A1,1 + 2A)1

 b
2 + c2 0 0
0 b −c
0 c b

 b ∈ ℜ− {0} or c ∈ ℜ− {0}
(A1,1 + 2A)2

 b
2 − c2 0 0
0 b c
0 c b

 b ∈ ℜ− {0} or c ∈ ℜ− {0}
5 Two and three dimensional Lie super-bialgebras
Using the methods discussed in section 3, we can classify two and three dimensional Lie super-bialgebras. We
have applied Maple 9 and obtained 48 Lie super-bialgebras. These have been listed in the following tables 4-7:
Table 4 : Two dimensional Lie super-bialgebras of the type (1, 1)
g g˜ (Anti) Commutation relations of g˜
(A1,1 +A) I(1,1)
I(1,1)
B (A1,1 + A) {X˜2, X˜2} = iX˜1
(A1,1 + A).i {X˜2, X˜2} = −iX˜1
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Table 5: Three dimensional Lie super-bialgebras of the type (2 ,1).
g g˜ (Anti) Commutation relations of g˜ Comments
I(2,1)
C1p
C1−p.i [X˜
1, X˜2] = X˜1, [X˜2, X˜3] = pX˜3 p ∈ ℜ − {0}
I(2,1)
C1p .i|
p=−
1
2
[X˜1, X˜2] = X˜1, [X˜2, X˜3] = 1
2
X˜3
C1p .ii|
p=−
1
2
[X˜1, X˜2] = −X˜1, [X˜2, X˜3] = − 1
2
X˜3
C1
1
2 C1
1
2
.i [X˜1, X˜2] = −X˜1, [X˜2, X˜3] = 1
2
X˜3, {X˜3, X˜3} = iX˜1
C1
1
2
.ii [X˜1, X˜2] = X˜1, [X˜2, X˜3] = − 1
2
X˜3, {X˜3, X˜3} = −iX˜1
C1
1
2
,k
[X˜1, X˜2] = −kX˜2, [X˜1, X˜3] = − k
2
X˜3, {X˜3, X˜3} = kX˜2 k ∈ ℜ − {0}
Table 6: Three dimensional Lie super-bialgebras of the type (1 ,2)
g g˜ Comments
I(1,2)
C21 (A1,1 + 2A)
1
ǫ,0,ǫ
(A1,1 + 2A)2ǫ,0,−ǫ
I(1,2)
C2p (A1,1 + 2A)
1
ǫ,k,ǫ
−1 < k < 1
p ∈ [−1, 1)− {0} (A1,1 + 2A)20,1,0 , (A1,1 + 2A)2ǫ,1,0 , (A1,1 + 2A)20,1,ǫ , (A1,1 + 2A)2ǫ,k,−ǫ k ∈ ℜ
I(1,2)
C3 (A1,1 + 2A)1ǫ,0,ǫ
(A1,1 + 2A)20,ǫ,0 , (A1,1 + 2A)
2
ǫ,0,−ǫ
I(1,2)
C4 (A1,1 + 2A)1k,0,1 , (A1,1 + 2A)
1
s,0,−1 0 < k, s < 0
(A1,1 + 2A)20,ǫ,0 , (A1,1 + 2A)
2
k,0,1 , (A1,1 + 2A)
2
s,0,−1 k < 0, 0 < s
I(1,2)
C5p (A1,1 + 2A)
1
k,0,1 , (A1,1 + 2A)
1
s,0,−1 0 < k, s < 0
p ≥ 0 (A1,1 + 2A)2k,0,1 , (A1,1 + 2A)2s,0,−1 k < 0, 0 < s
(A1,1 + 2A)1 I(1,2)
(A1,1 + 2A)2 I(1,2)
Where in the above table ǫ = ±1.
For three dimensional dual Lie superalgebras (A1,1 + 2A)
1
α,β,γ , (A1,1 + 2A)
2
α,β,γ where are isomorphic with
(A1,1 + 2A)
1, (A1,1 + 2A)
2 respectively, we have the following commutation relations:
{X˜2, X˜2} = iαX˜1, {X˜2, X˜3} = iβX˜1, {X˜3, X˜3} = iγX˜1, α, β, γ ∈ ℜ. (27)
Note that these Lie superalgebras are non isomorphic and they differ in the bound of their parameters.
Meanwhile note that for every Lie superalgebra of tables 1 and 2 there are trivial solutions for equations
(14) and (15) with f˜ ijk = 0. (i.e. the dual Lie superalgebra is Abelian) we denote these dual Lie superalgebras
8
with I(m,n).
We see that for two and three dimensional Lie super-bialgebras (with two fermions), trivial Lie superalgebras
are only dual to nontrivial one. The solution of super Jacobi and mixed super Jacobi identities and related
isomorphism matrices C (in step 1) are listed in Appendix B. Here for explanation of steps 1-3 of section 3 we
give an example.
5.1 An example
What follows is an explanation of the details of calculations for obtaining dual Lie superalgebras of Lie super-
bialgebras (C4, (A1,1+2A)
1
k,0,1) and (C
4, (A1,1+2A)
1
s,0,−1). As mentioned in Appendix B, the solution of super
Jacobi and mixed super Jacobi identities have the following form
f˜221 = iα, f˜
33
1 = iβ, f˜
23
1 = iγ, ∀α, β, γ ∈ ℜ. (28)
This solution is isomorphic with the Lie superalgebra (A1,1 + 2A)
1 with the following matrix:
C1 =

 c11 0 0c21 c22 c23
c31 0 c33

 , (29)
where c11 = −ic233f˜331, c23 = −c22 f˜
23
1
f˜33
1
, f˜221 = (
c2
23
+c2
33
c2
22
)f˜331 and c22, c33 ∈ ℜ − {0}. By imposing that C1 must
be the transformation matrix (38), we have c31 = c21 = 0.
Now with the help of automorphism supergroup of C4, the solution of (21) for the matrix B will be
B =


c2(b2
32
+b2
33
)
β
0 0
0 ∓ b33c33
c22
b33c33
c22
0 b32 b33

 , β = −if˜331. (30)
Now using (20), we obtain the following commutation relations for the dual Lie superalgebra (A1,1 + 2A)
1′
{X˜2, X˜2} = ia′X˜1, {X˜3, X˜3} = ib′X˜1, a′ = βc
2
33
c2c222
, b
′
=
β
c2
, (31)
such that a
′
and b
′
have the same sings.
One cannot choose a
′
= b
′
because in this case we have
B1 =


c
′2
(b
′ 2
32
+b
′2
33
)
β
0 0
0 −b′33 b
′
32
0 b
′
32 b
′
33

 , (32)
so as BB−11 /∈ Ast(C4). Now by choosing b
′
= 1 i.e. β = c2 we have
B2 =


b
′′2
32 + b
′′2
33 0 0
0 ∓ c
′′
33
c
′
22
b
′′
33
c
′′
33
c
′′
22
b
′′
32
0 b
′′
32 b
′′
33

 . (33)
such that BB−12 ∈ Ast(C4), this means that we can choose b
′
= 1 and in this case we have the following dual
Lie superalgebras (a
′
=
c2
33
c2
22
= k > 0):
(A1,1 + 2A)
1
k,0,1 : {X˜2, X˜2} = ikX˜1, {X˜3, X˜3} = iX˜1, k > 0 (34)
9
In the same way by choosing b
′
= −1 i.e. β = −c2 such that a′ 6= b′ we have
B3 =


−(b′′′232 + b
′′′2
33) 0 0
0 ∓ c
′′′
33
c
′′′
22
b
′′′
33
c
′′′
33
c
′′′
22
b
′′′
32
0 b
′′′
32 b
′′′
33

 . (35)
so as BB−13 ∈ Ast(C4), this means that we can choose b
′
= −1 and in this case we have the following dual Lie
superalgebras (a
′
= − c233
c2
22
= s < 0):
(A1,1 + 2A)
1
s,0,−1 : {X˜2, X˜2} = isX˜1, {X˜3, X˜3} = −iX˜1, s < 0 (36)
Note that as B2B
−1
3 /∈ Ast(C4), this means that the Lie super-bialgebras (C4, (A1,1+2A)1k,0,1) and (C4, (A1,1+
2A)1s,0,−1) are not equivalent.
6 Conclusion
We presented a new method for obtaining and classifying low dimensional Lie super-bialgebras which can also
be applied for classification of low dimensional Lie bialgebras. We classified all 48 two and three dimensional
Lie super-bialgebras 11. Using this classification one can construct Poisson-Lie T-dual sigma models on the low
dimensional Lie supergroups [19] (as [4] for Lie groups). Moreover, one can determinate the coboundary type of
these Lie super-bialgebras and their classical r-matrices and Poisson brackets for their Poisson-Lie supergroups
[20]. Determination of doubles and their isomorphism and investigation of Poisson-Lie plurality [21] are open
problems for further investigation.
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Appendix A
In this appendix, we will review some basic properties of tensors and matrices from[16].
1. We consider the standard bases for the supervector spaces so that in writing the bases as a column
matrix, we first present the bosonic base, then the fermionic one. The transformation of standard bases and its
dual bases can be written as follows:
e′i = (−1)jKi jej , e′i = K−tij ej, (37)
where the transformation matrix K has the following block diagonal representation [16]
K =
(
A C
D B
)
, (38)
where A,B,C are real submatrices and D is pure imaginary submatrix [16]. Here we consider the matrix and
tensors having a form with all upper and lower indices written in the right hand side.
2. The transformation properties of upper and lower right indices to the left one for general tensors are
as follows:
iT kjl... = T
ik
jl..., jT
ik
l... = (−1)j T ikjl.... (39)
3. For supertransposition we have
Lt ij = (−1)ij Lj i, Lti j = (−1)ij Li j ,
11Note that in this classification one can omit the i =
√−1 from commutation relations and to obtain Lie super-bialgebras in
the nonstandard bases.
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M tij = (−1)ij M ji, M t ij = (−1)ij M ji. (40)
4. For superdeterminant we have
sdet
(
A C
D B
)
= det(A− CB−1D)(detB)−1, (41)
when detB 6= 0 and
sdet
(
A C
D B
)
= (det(B −DA−1C))−1 (detA), (42)
when detA 6= 0. For the inverse of matrix we have
(
A C
D B
)−1
=
(
(1m −A−1CB−1D)−1A−1 −(1m −A−1CB−1D)−1A−1CB−1
−(1n −B−1DA−1C)−1B−1DA−1 (1n − B−1DA−1C)−1B−1
)
, (43)
where detA, detB 6= 0 and m,n are dimensions of submatrices A and B respectively.
Appendix B
This appendix includes solutions of super Jacobi and mixed super Jacobi identities (sJ −msJ) for dual Lie
superalgebras and isomorphism matrices C which relate these solutions to other Lie superalgebras.
1. Solutions of (sJ −msJ) for dual Lie superalgebras of B is
f˜221 = iα, f˜
12
1 = 0, (44)
where α ∈ ℜ.
Isomorphism matrix between this solutions with (A1,1 +A) is as follows:
C =
( −ic222f˜221 0
c21 c22
)
, (45)
with the conditions c22 ∈ ℜ− {0} and imposing that C must be the transformation matrix, we have c21 = 0.
3. Solutions of (sJ −msJ) for dual Lie superalgebras of C1p (p ∈ ℜ − {0}) are
i) f˜121 = α, f˜
23
3 = pα, p ∈ ℜ− {0}, α ∈ ℜ,
ii) f˜121 = f˜
23
3 = β, p = 1, β ∈ ℜ,
iii) f˜331 = iγ, p ∈ ℜ− {0}, γ ∈ ℜ,
iv) f˜331 = iλ, f˜
33
2 = iη p =
1
2 , λ, η ∈ ℜ,
v) f˜121 = µ, f˜
23
3 = −µ2 , f˜331 = iν p = − 12 , µ, ν ∈ ℜ.
For solution (i) we have isomorphism matrix between these solutions with C1p as follows:
C =

 c11 −
1
f˜12
1
c13
c21 0 0
0 0 c33

 , (46)
with the conditions f˜233 = pf˜
12
1 and c21, c33 ∈ ℜ−{0}, c11 ∈ ℜ, as well as imposing that C must be transforma-
tion matrix we have c13 = 0. Solution (ii) is a special case of solution (i). For solution (iii) and (iv) sdetC = 0.
Solution (v) is investigated for (C11
2
, C1p) in the following step.
3. Solutions of (sJ −msJ) for dual Lie superalgebras of C11
2
are
i) f˜233 = α, f˜
12
1 = 2α, α ∈ ℜ,
ii) f˜331 = iβ, f˜
33
2 = iγ, f˜
23
3 =
β
2 , f˜
13
3 =
−γ
2 , f˜
12
1 = −β, f˜122 = −γ, β, γ ∈ ℜ.
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For solution (i) we have isomorphism matrix C between (C11
2
, C1p) as follows:
C =

 c11 −
1
2f˜23
3
c13
c21 0 0
0 0 c33

 , (47)
with the conditions f˜123 = 2f˜
23
3, c21, c33 ∈ ℜ − {0}, c11 ∈ ℜ and p = − 12 , as well as imposing that C must be
the transformation matrix, we have c13 = 0.
For solution (ii) we have isomorphism matrices C1 and C2 between (C
1
1
2
, C11
2
) as follows:
C1 =


c11
i
f˜33
1
0
−ic233f˜331 0 0
0 0 c33

 , (48)
with the conditions f˜332 = f˜
13
3 = f˜
12
2 = 0, c33 ∈ ℜ − {0} and c11 ∈ ℜ
C2 =


c12
f˜33
1
f˜33
2
− i
f˜33
2
c12 0
−ic233f˜331 −ic233f˜332 0
0 0 c33

 , (49)
with the conditions c33 ∈ ℜ− {0} and c12 ∈ ℜ.
4. Solution of (sJ −msJ) for dual Lie superalgebras of C2p , C3, C4 and C5p is
f˜221 = iα, f˜
33
1 = iβ, f˜
23
1 = iγ, (50)
where α,β and γ ∈ ℜ. Furthermore for C3 we have another solution as follows:
f˜221 = iα,
where for this solution we have sdetC = 0 and α ∈ ℜ therefore we omit it.
4.1. For the above solution, we have the following isomorphism matrices C1, C2 and C3 between C
2
p , C
3,
C4 and C5p with (A1,1 + 2A)
1
C1 =


−ic233f˜331 0 0
c21 c22 −c22 f˜
23
1
f˜33
1
c31 0 c33

 , (51)
with the conditions f˜221 = (
c2
23
+c2
33
c2
22
)f˜331 and c22, c33 ∈ ℜ − {0}, as well as imposing that C1 must be the
transformation matrix, we have c31 = c21 = 0;
C2 =


−ic223f˜331 0 0
c21 0 c23
c31 −c33 f˜
33
1
f˜23
1
c33

 , (52)
with the conditions f˜221 = (
c2
23
+c2
33
c2
32
)f˜331 and c23, c33 ∈ ℜ − {0}, as well as imposing that C2 must be transfor-
mation matrix, we have c31 = c21 = 0;
C3 =

 c11 0 0c21 c22 c23
c31 c32 c33

 , (53)
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with the conditions f˜221 = (
c2
23
+c2
33
c2
22
+c2
32
)f˜331, f˜
23
1 = −( c33c32+c22c23c2
22
+c2
32
)f˜331 and c11 ∈ ℜ− {0}, c22, c23, c32,
c33 ∈ ℜ with the conditions c223+ c233 6= 0, c222+ c232 6= 0, as well as imposing that C3 must be the transformation
matrix, we have c31 = c21 = 0.
4.2. For the above solution we have isomorphism matrices C4, C5, C6, C7 and C8 between C
2
p , C
3, C4 and
C5p with (A1,1 + 2A)
2 as follows:
C4 =

 −ic32(c23 − c33)f˜
23
1 0 0
c21 c32 c23
c31 c32 c33

 , (54)
with the conditions f˜221 = −( c23+c33c32 )f˜231, f˜331 = 0, c23 6= c33, c32 ∈ ℜ−{0} and c23, c33 ∈ ℜ, as well as imposing
that C4 must be the transformation matrix, we have c31 = c21 = 0;
C5 =

 ic32(c23 + c33)f˜
23
1 0 0
c21 −c32 c23
c31 c32 c33

 , (55)
with the conditions f˜221 = (
c23−c33
c32
)f˜231, f˜
33
1 = 0, c23 6= −c33, c32 ∈ ℜ−{0} and c23, c33 ∈ ℜ, as well as imposing
that C5 must be the transformation matrix, we have c31 = c21 = 0;
C6 =


−ic223f˜331 0 0
c21 0 c23
c31 −c33 f˜
33
1
f˜23
1
c33

 , (56)
with the conditions f˜221 = −( c
2
23
−c2
33
c2
32
)f˜331 and c23, c33 ∈ ℜ − {0}, as well as imposing that C6 must be the
transformation matrix, we have c31 = c21 = 0;
C7 =


ic233f˜
33
1 0 0
c21 c22 −c22 f˜
23
1
f˜33
1
c31 0 c33

 , (57)
with the conditions f˜221 = (
c2
23
−c2
33
c2
22
)f˜331 and c22, c33 ∈ ℜ − {0}, as well as imposing that C7 must be the
transformation matrix, we have c31 = c21 = 0;
C8 =

 c11 0 0c21 c22 c23
c31 c32 c33

 , (58)
with the conditions f˜221 = (
c2
33
−c2
23
c2
32
−c2
22
)f˜331, f˜
23
1 = (
c22c23−c32c33
c2
32
−c2
22
)f˜331 and c11 ∈ ℜ − {0}, c22, c23, c32,
c33 ∈ ℜ with the conditions c233− c223 6= 0, c232− c222 6= 0, as well as imposing that C8 must be the transformation
matrix, we have c31 = c21 = 0.
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Abstract
Using adjoint representation of Lie superalgebras, we obtain the matrix form of super Jacobi and mixed
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1
1 Introduction
Lie bialgebras were first introduced, from the mathematical point of view, by Drinfel’d as algebraic structures
and classical limit of underlying quantized enveloping algebras (quantum groups) [1]. In particular, every
deformation of a universal enveloping algebra induces a Lie bialgebra structure on the underlying Lie algebra.
Conversely, it has been shown in Ref. [2] that each Lie bialgebra admits quantization. So the classification of Lie
bialgebras can be seen as the first step in the classification of quantum groups. Many interesting examples of Lie
bialgebras based on complex semisimple Lie algebras have been given in Drinfel’d [1]. A complete classification
of Lie bialgebras with reduction was given in Ref. [3]. However, a classification of Lie bialgebras is out of
reach, with similar reasons as for Lie algebra classification. In the non-semisimple case, only a bunch of low
dimensional examples have been thoroughly studied [4, 5, 6, 7]. On the other hand, from the physical point of
view, the theory of classical integrable systems naturally relates to the geometry and representation theory of
Poisson-Lie groups and the corresponding Lie bialgebras and their classical r-matrices (see, for example, Ref.
[8]). In the same way, Lie super-bialgebras [9], as the underlying symmetry algebras, play an important role
in the integrable structure of AdS/CFT correspondence [10]. In this way, and by considering that there is a
universal quantization for Lie super-bialgebras [11], one can assign an important role to the classification of Lie
super-bialgebras (especially low dimensional Lie super-bialgebras) from both physical and mathematical point
of view. There are distinguished and nonsystematic ways for obtaining low dimensional Lie super-bialgebras
(see, for example, Refs. [12, 13, 14]). In this paper, using the adjoint representation of Lie superalgebras, we
present a systematic way for obtaining and classifying low dimensional Lie super-bialgebras. We apply this
method to the classification of two and three dimensional Lie super-bialgebras.
The paper is organized as follows. In section two, we give basic definitions and notations that are used
throughout the paper. The systematic way for classification of Lie super-bialgebras by using matrix form of
super Jacobi (sJ) and mixed super Jacobi (msJ) identities of Lie super-bialgebras is described in section three.
A list of two and three dimensional Lie superalgebras of Ref. [15] is offered in section 4. The automorphism
Lie supergroups of these Lie superalgebras are also presented in section 4 . Then, using the method mentioned
in section two, we classify all 48 two and three dimensional Lie super-bialgebras in section five. The details of
calculations are explained, using an example. The concluding section discusses some remarks. Certain properties
of tensors and supermatrices are given in appendix A. Solutions of (sJ −msJ) identities and their isomorphism
matrices are give in appendix B.
2 Basic definitions and notations
In this paper we use DeWitt notation for supervector spaces, supermatrices, etc [16]. Some of definitions
and related notations are given in appendix A.
Definition: A Lie superalgebra g is a graded vector space g = gB ⊕ gF with gradings; grade(gB) =
0, grade(gF ) = 1; such that Lie bracket satisfies the super antisymmetric and super Jacobi identities, i.e.,
in a graded basis {Xi} of g if we put [17]
[Xi, Xj] = f
k
ijXk, (1)
then
(−1)i(j+k)fmjlf lki + fmilf ljk + (−1)k(i+j)fmklf lij = 0, (2)
so that
fkij = −(−1)ijfkji. (3)
Note that, in the standard basis, fBBB and f
F
BF are real c-numbers and f
B
FF are pure imaginary c-numbers
and other components of structure constants f ijk are zero [16], i.e. we have
fkij = 0, if grade(i) + grade(j) 6= grade(k) (mod2). (4)
Let g be a finite-dimensional Lie superalgebra and g∗ be its dual vector space and let (. , .) be the canonical
pairing on g∗ ⊕ g.
2
Definition: A Lie super-bialgebra structure on a Lie superalgebra g is a super skew-symmetric linear map
δ : g −→ g ⊗ g (the super cocommutator) so that [9]
1) δ is a super one-cocycle, i.e.
δ([X,Y ]) = (adX ⊗ I + I ⊗ adX)δ(Y )− (−1)|X||Y |(adY ⊗ I + I ⊗ adY )δ(X) ∀X,Y ∈ g, (5)
where |X |(|Y |) indicates the grading of X(Y );
2) the dual map tδ : g∗ ⊗ g∗ → g∗ is a Lie superbracket on g∗, i.e.,
(ξ ⊗ η, δ(X)) = (tδ(ξ ⊗ η), X) = ([ξ, η]∗, X) ∀X ∈ g; ξ, η ∈ g∗. (6)
The Lie super-bialgebra defined in this way will be indicated by (g,g∗) or (g, δ).
Proposition: If there exists an automorphism A of g such that
δ′ = (A⊗A) ◦ δ ◦A−1, (7)
then the super one-cocycles δ and δ′ of the Lie superalgebra g are equivalent [18]. In this case the two Lie
super-bialgebras (g, δ) and (g, δ′) are equivalent (as in the bosonic case [7]).
Definition: A Manin super triple [9] is a triple of Lie superalgebras (D,g, g˜) together with a non-degenerate
ad-invariant super symmetric bilinear form < . , . > on D such that
1) g and g˜ are Lie sub-superalgebras of D,
2) D = g ⊕ g˜ as a supervector space,
3) g and g˜ are isotropic with respect to < . , . >, i.e.
< Xi, Xj >=< X˜
i, X˜j >= 0, δi
j =< Xi, X˜
j >= (−1)ij < X˜j, Xi >= (−1)ijδji, (8)
where {Xi} and {X˜ i} are basis of Lie superalgebras g and g˜, respectively. Note that in the above relation δji
is the ordinary delta function. There is a one-to-one correspondence between Lie super-bialgebra (g,g∗) and
Manin super triple (D,g, g˜) with g∗ = g˜ [9]. If we choose the structure constants of Lie superalgebras g and g˜
as
[Xi, Xj ] = f
k
ijXk, [X˜
i, X˜j] = f˜ ijkX˜
k, (9)
then ad-invariance of the bilinear form < . , . > on D = g ⊕ g˜ implies that
[Xi, X˜
j] = (−1)j f˜ jkiXk + (−1)if jkiX˜k. (10)
Clearly, using Eqs. (6) and (9) we have
δ(Xi) = (−1)jkf˜ jkiXj ⊗Xk, (11)
note that the appearance of (−1)jk in this relation is due to the definition of natural inner product between
g ⊗ g and g∗ ⊗ g∗ as (X˜ i ⊗ X˜j, Xk ⊗Xl) = (−1)jkδikδj l.
As a result, if we apply this relation in the super one-cocycle condition (5), super Jacobi identities (2) for
the dual Lie superalgabra and the following mixed super Jacobi identities are obtained
fmjkf˜
il
m = f
i
mkf˜
ml
j + f
l
jmf˜
im
k + (−1)jlf ijmf˜mlk + (−1)ikf lmkf˜ imj . (12)
This relation can also be obtained from super Jacobi identity of D.
3
3 Calculation of Lie super-bialgebras using adjoint representation
As discussed in the introduction, by use of super Jacobi and mixed super Jacobi identities we classify two and
three dimensional Lie super-bialgebras. This method was first used to obtain three dimensional Lie bialgebras
in Ref. [4]. Because of tensorial form of super Jacobi and mixed super Jacobi identities, working with them is
not so easy and we suggest writing these equations as matrix forms using the following adjoint representations
for Lie superalgebras g and g˜
(X˜ i)j k = −f˜ ijk, (Yi) jk = −f ijk. (13)
Then the matrix forms of super Jacobi identities (2) for dual Lie superalgebra g˜ and mixed super Jacobi
identities (12) become as follows, respectively:
(X˜ i)j kX˜ k − X˜ jX˜ i + (−1)ijX˜ iX˜ j = 0, (14)
(X˜ i)j l Y l = −(−1)k(X˜ st)j Yi + YjX˜ i − (−1)ijYiX˜ j + (−1)k+ij(X˜ st)i Yj . (15)
Note that in the above relations we use the right indices for the matrix elements and index k represents the
column of matrix X˜ st.
Having the structure constants of the Lie superalgebra g, we solve the matrix Eqs. (14) and (15) in order to
obtain the structure constants of the dual Lie superalgebras g˜ so that (g, g˜) is Lie super-bialgebra. We assume
that, we have classification and tabulation of the Lie superalgebras g (for example two and three dimensional
Lie superalgebras for this paper). Here we explain the method in general and one can apply it for classification
of other low dimensional Lie super-bialgebras [19]. We fulfill this work in the following three steps. Note that
in solving Eqs. (14), (15), (17) and (21) we use the MAPLE program.
Step 1: Solutions of super Jacobi and mixed super Jacobi identities and determination of Lie superalgebras
g′ which are isomorphic with dual solutions
With the solution of matrix Eqs. (14) and (15) for obtaining matrices X˜ i, some structure constants of g˜ are
obtained to be zero, some unknown and some obtained in terms of each other. In order to know whether g˜ is one
of the Lie superalgebras of table or isomorphic to them, we must use the following isomorphic relation between
obtained Lie superalgebras g˜ and one of the Lie superalgebras of table, e.g., g′. Applying the transformation
(37) for a change of basis g˜ we have
X˜
′ i = Ci jX˜
j, [X˜
′ i, X˜
′ j ] = f˜
′ ij
k X˜
′ k, (16)
then the following matrix equations for isomorphism
(−1)i(j+l) C (Cik X˜ k˜(g)) = X
i
(g′) C, (17)
are obtained, where the indices j and l correspond to the row and column of C in the left hand side of (17). In
the above matrix equations X i(g′) are adjoint matrices of known Lie superalgebra g′ of the classification table.
Solving (17) with the condition sdetC 6= 0 we obtain some extra conditions on f˜kl(g˜) m’s that were obtained from
(14) and (15).
Step 2: Obtaining general form of the transformation matrices B : g′ −→ g′.i; such that (g,g′.i) are Lie
super-bialgebras
As the second step we transform Lie super-bialgebra (g, g˜) (where in the Lie superalgebra g˜ we impose
extra conditions obtained in the step one) to Lie super bialgebra (g,g′.i) (where g′.i is isomorphic as Lie
superalgebra to g′) with an automorphism of the Lie superalgebra g. As the inner product (8) is invariant we
have A−st : g˜ −→ g′.i,
X ′i = (−1)kA ki Xk, X˜
′ j = (A−st)j lX˜
l, < X ′i, X˜
′ j >= δ ji , (18)
where A−st is superinverse supertranspose of every matrix A ∈ Aut(g) [Aut(g) is the automorphism supergroup
of the Lie superalgebra g]. Thus we have the following transformation relation for the map A−st:
(−1)k(j+l)(A−st)i kf˜kl(g˜) m(A−st)j l = f ij(g′.i) n(A−st)nm. (19)
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Now, for obtaining Lie super-bialgebras (g,g′.i), we must find Lie superalgebras g′.i or transformations
B : g′ −→ g′.i, such that
(−1)k(j+l)Bi kfkl(g′)mBjl = f ij(g′.i) nBnm. (20)
For this purpose, it is enough to omit f ij(g′.i) n between (19) and (20). Then we will have the following matrix
equation for B:
(A−st)i mX˜ st m˜(g) A
−1 = (−1)i(l+j)(BstA)−1(Bi kX st k(g′))Bst, (21)
where indices l and j are row and column of Bst in the right hand side of the above relation. Note that for A−st
and A−1 in (21) we use row and column indices on the right hand sides. Now by solving (21) we obtain the
general form of matrix B with the condition sdetB 6= 0. In solving (21) one can obtain conditions on elements
of matrix A, yet we must only consider those conditions under which we have sdetA 6= 0 and matrices A, B
and A−st have the general transformation matrix form (38).
Step 3: Obtaining and classificating the nonequivalent Lie super-bialgebras
Having solved (21), we obtain the general form of the matrix B so that its elements are written in terms
of the elements of matrices A, C and structure constants f˜ ij(g˜) k. Now with substituting B in (20), we obtain
structure constants f ij(g′.i) n of the Lie superalgebra g
′.i in terms of elements of matrices A and C and some
f˜ ij(g˜) k. Then we check whether it is possible to equalize the structure constants f
ij
(g′.i) n with each other and
with ±1 or not so as to remark sdetB 6= 0, sdetA 6= 0, and sdetC 6= 0. In this way, we obtain isomorphism
matrices B1, B2,.... As B
st
i must be in the form of transformation matrices (38), we obtain conditions on the
matrices Bi. The reason is that if (g,g
′.i) is Lie super-bialgebra, then (g′,g.i) will be Lie super-bialgebras
with Bsti : g −→ g.i. Note that in obtaining Bis we impose the condition BBi−1 ∈ Autst(g) [Autst(g) is the
supertranspose of Aut(g)]; if this condition is not satisfied then we cannot impose it on the structure constants
because B and Bi are not equivalent (see bellow).
Now using isomorphism matrices B1, B2, etc, we can obtain Lie super-bialgebras (g,g
′.i), (g,g′.ii), etc. On
the other hand, there is the question: which of these Lie super-bialgebras are equivalent? In order to answer this
question, we use the matrix form of the relation (7). Consider the two Lie super-bialgebras (g,g′.i), (g,g′.ii);
then using [20]
A(Xi) = (−1)jA ji Xj , (22)
relation (7) will have the following matrix form:
(−1)i(j+l)Ast((Ast)i kX(g′.i)k) = X(g′.ii)iAst. (23)
On the other hand, the transformation matrix between g′.i and g′.ii is B2B
−1
1 if B1 : g
′ −→ g′.i and B2 :
g′ −→ g′.ii; then we have
(−1)i(j+l)(B2B−11 )((B2B−11 )i kX(g′.i)k) = X(g′.ii)i(B2B−11 ). (24)
A comparison of (24) with (23) reveals that if B2B
−1
1 ∈ Ast holds, then the Lie super-bialgebras (g,g′.i) and
(g,g′.ii) are equivalent. In this way, we obtain nonequivalent class of Bis and we consider only one element of
this class. Thus, we obtain and classify all Lie super-bialgebras. In the next section, we apply this formulation
to two and three dimensional Lie superalgebras.
4 Two and three dimensional Lie superalgebras and their automor-
phism supergroups
In this section, we use the classification of two and three dimensional Lie superalgebras listed in Ref. [15].
In this classification, Lie superalgebras are divided into two types: trivial and nontrivial Lie superalgebras for
which the commutations of fermion-fermion is zero or nonzero, respectively (as we use DeWitt notation here,
the structure constant CBFF must be pure imaginary). The results have been presented in tables 1 and 2. As
the tables (m,n−m) indicate, the Lie superalgebras have m, {X1, ..., Xm} bosonic and n−m, {Xm+1, ..., Xn}
fermionic generators.
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Table 1 : Trivial Lie superalgebras.
Type g Bosonic basis Fermionic basis Non-zero commutation relations Comments
(1, 1) B X1 X2 [X1, X2] = X2
(2, 1) C1
p
X1, X2 X3 [X1, X2] = X2, [X1, X3] = pX3 p 6= 0
C2
p
X1 X2, X3 [X1, X2] = X2, [X1, X3] = pX3 0 < |p| ≤ 1
C3 X1 X2, X3 [X1, X3] = X2 Nilpotent
(1, 2) C4 X1 X2, X3 [X1, X2] = X2, [X1, X3] = X2 +X3
C5
p
X1 X2, X3 [X1, X2] = pX2 −X3, [X1, X3] = X2 + pX3 p ≥ 0
Table 2 : Nontrivial Lie superalgebras ([21]).
Type g Bosonic basis Fermionic basis Non-zero (anti)commutation relations Comments
(1, 1) (A1,1 + A) X1 X2 {X2, X2} = iX1
(2, 1) C11
2
X1, X2 X3 [X1, X2] = X2, [X1, X3] =
1
2
X3, {X3, X3} = iX2
(A1,1 + 2A)
1 X1 X2, X3 {X2, X2} = iX1, {X3, X3} = iX1 Nilpotent
(1, 2) (A1,1 + 2A)
2 X1 X2, X3 {X2, X2} = iX1, {X3, X3} = −iX1 Nilpotent
One can check whether super Jacobi identities for the above Lie superalgebras are satisfied. As mentioned
in section 3 for obtaining dual Lie superalgebras we need automorphism supergroups of Lie superalgebras. In
order to calculate the automorphism supergroups of two and three dimensional Lie superalgebras, we use the
following transformation:
X ′i = (−1)j A ji Xj , [X ′i, X ′j] = fkijX ′k, (25)
thus we have the following matrix equation for elements of automorphism supergroups:
(−1)ij+mkAYkAst = YeA ke , (26)
where index j is the column of matrix A and indices i and m are row and column of Ast in the left hand side.
Using (26) with the condition sdetA 6= 0 and imposing the condition that A must be in the form (38), we obtain
table 3 for automorphism supergroups.
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Table 3 : Automorphism supergroups of the two and three dimensional Lie superalgebras.
g Automorphism supergroups Comments
B
(
1 0
0 b
)
b ∈ ℜ − {0}
(A1,1 +A)
(
a2 0
0 a
)
a ∈ ℜ− {0}
C1p

 1 a 00 c 0
0 0 d

 p ∈ ℜ− {0}, c, d ∈ ℜ − {0}, a ∈ ℜ
C1
1
2

 1 a 00 b2 0
0 0 b

 b ∈ ℜ − {0} , a ∈ ℜ
C21

 1 0 00 c b
0 a d

 ab− cd 6= 0
C2p

 1 0 00 c 0
0 0 d

 c, d ∈ ℜ − {0}, p ∈ [−1, 1]− {0}
C3

 a 0 00 ad 0
0 e d

 a, d ∈ ℜ − {0}, e ∈ ℜ
C4

 1 0 00 c 0
0 d c

 c ∈ ℜ − {0}, d ∈ ℜ
C5p

 1 0 00 c −d
0 d c

 p ≥ 0, c ∈ ℜ − {0} or d ∈ ℜ− {0}
(A1,1 + 2A)1

 b
2 + c2 0 0
0 b −c
0 c b

 b ∈ ℜ − {0} or c ∈ ℜ − {0}
(A1,1 + 2A)2

 b
2 − c2 0 0
0 b c
0 c b

 b ∈ ℜ − {0} or c ∈ ℜ − {0}
5 Two and three dimensional Lie super-bialgebras
Using the methods discussed in section 3, we can classify two and three dimensional Lie super-bialgebras. We
have applied MAPLE 9 and obtained 48 Lie super-bialgebras. These have been listed in the following tables
4-6:
Table 4 : Two dimensional Lie super-bialgebras of the type (1, 1).
g g˜ Non-zero (anti) commutation relations of g˜
(A1,1 +A) I(1,1)
I(1,1)
B (A1,1 + A) {X˜2, X˜2} = iX˜1
(A1,1 + A).i {X˜2, X˜2} = −iX˜1
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Table 5: Three dimensional Lie super-bialgebras of the type (2 ,1).
g g˜ Non-zero (anti) commutation relations of g˜ Comments
I(2,1)
C1p
C1−p.i [X˜
1, X˜2] = X˜1, [X˜2, X˜3] = pX˜3 p ∈ ℜ − {0}
I(2,1)
C1p .i|
p=−
1
2
[X˜1, X˜2] = X˜1, [X˜2, X˜3] = 1
2
X˜3
C1p .ii|
p=−
1
2
[X˜1, X˜2] = −X˜1, [X˜2, X˜3] = − 1
2
X˜3
C1
1
2 C1
1
2
.i [X˜1, X˜2] = X˜1, [X˜2, X˜3] = − 1
2
X˜3, {X˜3, X˜3} = iX˜1
C1
1
2
.ii [X˜1, X˜2] = −X˜1, [X˜2, X˜3] = 1
2
X˜3, {X˜3, X˜3} = −iX˜1
C1
1
2
,k
[X˜1, X˜2] = kX˜2, [X˜1, X˜3] = k
2
X˜3, {X˜3, X˜3} = ikX˜2 k ∈ ℜ − {0}
Table 6: Three dimensional Lie super-bialgebras of the type (1 ,2). Where ǫ = ±1.
g g˜ Comments
I(1,2)
C21 (A1,1 + 2A)
1
ǫ,0,ǫ
(A1,1 + 2A)2ǫ,0,−ǫ
I(1,2)
C2p (A1,1 + 2A)
1
ǫ,k,ǫ
−1 < k < 1
p ∈ [−1, 1)− {0} (A1,1 + 2A)20,1,0 , (A1,1 + 2A)
2
ǫ,1,0 , (A1,1 + 2A)
2
0,1,ǫ , (A1,1 + 2A)
2
ǫ,k,−ǫ k ∈ ℜ
I(1,2)
C3 (A1,1 + 2A)1ǫ,0,ǫ
(A1,1 + 2A)20,ǫ,0 , (A1,1 + 2A)
2
ǫ,0,−ǫ
I(1,2)
C4 (A1,1 + 2A)1k,0,1 , (A1,1 + 2A)
1
s,0,−1 0 < k, s < 0
(A1,1 + 2A)20,ǫ,0 , (A1,1 + 2A)
2
k,0,1 , (A1,1 + 2A)
2
s,0,−1 k < 0, 0 < s
I(1,2)
C5p (A1,1 + 2A)
1
k,0,1 , (A1,1 + 2A)
1
s,0,−1 0 < k, s < 0
p ≥ 0 (A1,1 + 2A)2k,0,1 , (A1,1 + 2A)
2
s,0,−1 k < 0, 0 < s
(A1,1 + 2A)1 I(1,2)
(A1,1 + 2A)2 I(1,2)
For three dimensional dual Lie superalgebras (A1,1 + 2A)
1
α,β,γ and (A1,1 + 2A)
2
α,β,γ which are isomorphic
with (A1,1 + 2A)
1 and (A1,1 + 2A)
2, respectively, we have the following commutation relations:
{X˜2, X˜2} = iαX˜1, {X˜2, X˜3} = iβX˜1, {X˜3, X˜3} = iγX˜1, α, β, γ ∈ ℜ. (27)
Note that these Lie superalgebras are non isomorphic and they differ in the bound of their parameters.
Meanwhile note that for every Lie superalgebra of tables 1 and 2 there are trivial solutions for Eqs. (14)
and (15) with f˜ ijk = 0. (i.e. the dual Lie superalgebra is Abelian) we denote these dual Lie superalgebras with
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I(m,n).
We see that for two and three dimensional Lie super-bialgebras (with two fermions), trivial Lie superalgebras
are only dual to nontrivial one. The solution of super Jacobi and mixed super Jacobi identities and related
isomorphism matrices C (in step 1) are listed in Appendix B. Here for explanation of steps 1-3 of section 3 we
give an example.
5.1 An example
What follows is an explanation of the details of calculations for obtaining dual Lie superalgebras of Lie super-
bialgebras (C4, (A1,1+2A)
1
k,0,1) and (C
4, (A1,1+2A)
1
s,0,−1). As mentioned in Appendix B, the solution of super
Jacobi and mixed super Jacobi identities has the following form:
f˜221 = iα, f˜
33
1 = iβ, f˜
23
1 = iγ, ∀α, β, γ ∈ ℜ. (28)
This solution is isomorphic with the Lie superalgebra (A1,1 + 2A)
1 with the following matrix:
C1 =

 c11 0 0c21 c22 c23
c31 0 c33

 , (29)
where c11 = −ic233f˜331, c23 = −c22 f˜
23
1
f˜33
1
, f˜221 = (
c2
23
+c2
33
c2
22
)f˜331 and c22, c33 ∈ ℜ − {0}. By imposing that C1 must
be the transformation matrix (38), we have c31 = c21 = 0.
Now with the help of automorphism supergroup of C4, the solution of (21) for the matrix B will be
B =


c2(b2
32
+b2
33
)
β
0 0
0 − b33c33
c22
b32c33
c22
0 b32 b33

 , β = −if˜331. (30)
Now using (20), we obtain the following commutation relations for the dual Lie superalgebra (A1,1 + 2A)
1′:
{X˜2, X˜2} = ia′X˜1, {X˜3, X˜3} = ib′X˜1, a′ = βc
2
33
c2c222
, b
′
=
β
c2
, (31)
such that a
′
and b
′
have the same sings.
One cannot choose a
′
= b
′
because in this case we have
B1 =


c2(b
′ 2
32
+b
′ 2
33
)
β
0 0
0 −b′33 b
′
32
0 b
′
32 b
′
33

 , (32)
so as BB−11 /∈ Ast(C4). Now by choosing b
′
= 1 i.e., β = c2 we have
B2 =


b
′′2
32 + b
′′2
33 0 0
0 − c
′′
33
c
′′
22
b
′′
33
c
′′
33
c
′′
22
b
′′
32
0 b
′′
32 b
′′
33

 . (33)
such that BB−12 ∈ Ast(C4), this means that we can choose b
′
= 1 and in this case, we have the following dual
Lie superalgebras (a
′
=
c2
33
c2
22
= k > 0):
(A1,1 + 2A)
1
k,0,1 : {X˜2, X˜2} = ikX˜1, {X˜3, X˜3} = iX˜1, k > 0. (34)
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In the same way by choosing b
′
= −1 i.e., β = −c2 such that a′ 6= b′ we have
B3 =


−(b′′′232 + b
′′′2
33) 0 0
0 − c
′′′
33
c
′′′
22
b
′′′
33
c
′′′
33
c
′′′
22
b
′′′
32
0 b
′′′
32 b
′′′
33

 . (35)
so as BB−13 ∈ Ast(C4), this means that we can choose b
′
= −1 and in this case, we have the following dual Lie
superalgebras (a
′
= − c233
c2
22
= s < 0):
(A1,1 + 2A)
1
s,0,−1 : {X˜2, X˜2} = isX˜1, {X˜3, X˜3} = −iX˜1, s < 0. (36)
Note that as B2B
−1
3 /∈ Ast(C4), this means that the Lie super-bialgebras (C4, (A1,1+2A)1k,0,1) and (C4, (A1,1+
2A)1s,0,−1) are not equivalent.
6 Conclusion
We have presented a new method for obtaining and classifying low dimensional Lie super-bialgebras which
can also be applied for classification of low dimensional Lie bialgebras. We have classified all of the 48 two
and three dimensional Lie super-bialgebras [22]. Using this classification one can construct Poisson-Lie T-dual
sigma models [23] on the low dimensional Lie supergroups [24] (as Ref. [4] for Lie groups). Moreover, one can
determinate the coboundary type of these Lie super-bialgebras and their classical r-matrices and Poisson brackets
for their Poisson-Lie supergroups [25]. Determination of doubles and their isomorphism and investigation of
Poisson-Lie plurality [26] are open problems for further investigation.
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Appendix A: Some properties of matrices and tensors in supervector spaces
In this appendix, we will review some basic properties of tensors and matrices in Ref. [16].
1. We consider the standard basis for the supervector spaces so that in writing the basis as a column
matrix, we first present the bosonic base, then the fermionic one. The transformation of standard basis and its
dual bases can be written as follows:
e′i = (−1)jKi jej, e′i = K−stij ej , (37)
where the transformation matrix K has the following block diagonal representation [16]
K =
(
A C
D B
)
, (38)
where A,B and C are real submatrices and D is pure imaginary submatrix [16]. Here we consider the matrix
and tensors having a form with all upper and lower indices written in the right hand side.
2. The transformation properties of upper and lower right indices to the left one for general tensors are
as follows:
iT kjl... = T
ik
jl..., jT
ik
l... = (−1)j T ikjl.... (39)
3. For supertransposition we have
Lst ij = (−1)ij Lj i, Lsti j = (−1)ij Li j ,
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M stij = (−1)ij M ji, M st ij = (−1)ij M ji. (40)
4. For superdeterminant we have
sdet
(
A C
D B
)
= det(A− CB−1D)(detB)−1, (41)
when detB 6= 0 and
sdet
(
A C
D B
)
= (det(B −DA−1C))−1 (detA), (42)
when detA 6= 0. For the inverse of matrix we have
(
A C
D B
)−1
=
(
(1m −A−1CB−1D)−1A−1 −(1m −A−1CB−1D)−1A−1CB−1
−(1n −B−1DA−1C)−1B−1DA−1 (1n − B−1DA−1C)−1B−1
)
, (43)
where detA, detB 6= 0 and m,n are dimensions of submatrices A and B, respectively.
Appendix B: Solutions (sJ −msJ) for dual Lie superalgebras and isomorphism matrices
This appendix includes solutions of super Jacobi and mixed super Jacobi identities (sJ −msJ) for dual Lie
superalgebras and isomorphism matrices C which relate these solutions to other Lie superalgebras.
1. Solution of (sJ −msJ) for dual Lie superalgebras of B is
f˜221 = iα, f˜
12
1 = 0, (44)
where α ∈ ℜ.
Isomorphism matrix between these solutions and (A1,1 +A) is as follows:
C =
( −ic222f˜221 0
c21 c22
)
, (45)
with the conditions c22 ∈ ℜ− {0} and imposing that C must be the transformation matrix, we have c21 = 0.
2. Solutions of (sJ −msJ) for dual Lie superalgebras of C1p (p ∈ ℜ − {0}) are
i) f˜121 = α, f˜
23
3 = pα, p ∈ ℜ− {0}, α ∈ ℜ,
ii) f˜121 = f˜
23
3 = β, p = 1, β ∈ ℜ,
iii) f˜331 = iγ, p ∈ ℜ− {0}, γ ∈ ℜ,
iv) f˜331 = iλ, f˜
33
2 = iη p =
1
2 , λ, η ∈ ℜ,
v) f˜121 = µ, f˜
23
3 = −µ2 , f˜331 = iν p = − 12 , µ, ν ∈ ℜ.
For solution (i) we have isomorphism matrix between these solutions and C1p as follows:
C =

 c11 −
1
f˜12
1
c13
c21 0 0
0 0 c33

 , (46)
with the conditions f˜233 = pf˜
12
1 and c21, c33 ∈ ℜ−{0}, c11 ∈ ℜ, as well as imposing that C must be transforma-
tion matrix we have c13 = 0. Solution (ii) is a special case of solution (i). For solution (iii) and (iv) sdetC = 0.
Solution (v) is investigated for (C11
2
, C1p) in the following step.
3. Solutions of (sJ −msJ) for dual Lie superalgebras of C11
2
are
i) f˜233 = α, f˜
12
1 = 2α, α ∈ ℜ,
ii) f˜331 = iβ, f˜
33
2 = iγ, f˜
23
3 =
β
2 , f˜
13
3 =
−γ
2 , f˜
12
1 = −β, f˜122 = −γ, β, γ ∈ ℜ.
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For solution (i) we have isomorphism matrix C between (C11
2
, C1p) as follows:
C =

 c11 −
1
2f˜23
3
c13
c21 0 0
0 0 c33

 , (47)
with the conditions f˜123 = 2f˜
23
3, c21, c33 ∈ ℜ − {0}, c11 ∈ ℜ and p = − 12 , as well as imposing that C must be
the transformation matrix, we have c13 = 0.
For solution (ii) we have isomorphism matrices C1 and C2 between (C
1
1
2
, C11
2
) as follows:
C1 =


c11
i
f˜33
1
0
−ic233f˜331 0 0
0 0 c33

 , (48)
with the conditions f˜332 = f˜
13
3 = f˜
12
2 = 0, c33 ∈ ℜ − {0} and c11 ∈ ℜ
C2 =


c12
f˜33
1
f˜33
2
− i
f˜33
2
c12 0
−ic233f˜331 −ic233f˜332 0
0 0 c33

 , (49)
with the conditions c33 ∈ ℜ− {0} and c12 ∈ ℜ.
4. Solution of (sJ −msJ) for dual Lie superalgebras of C2p , C3, C4 and C5p is
f˜221 = iα, f˜
33
1 = iβ, f˜
23
1 = iγ, (50)
where α,β and γ ∈ ℜ. Furthermore for C3 we have another solution as follows:
f˜221 = iα, α ∈ ℜ,
where for this solution we have sdetC = 0, therefore we omit it.
4.1. For the above solution, we have the following isomorphism matrices C1, C2 and C3 between C
2
p , C
3,
C4 and C5p with (A1,1 + 2A)
1:
C1 =


−ic233f˜331 0 0
c21 c22 −c22 f˜
23
1
f˜33
1
c31 0 c33

 , (51)
with the conditions f˜221 = (
c2
23
+c2
33
c2
22
)f˜331 and c22, c33 ∈ ℜ − {0}, as well as imposing that C1 must be the
transformation matrix, we have c31 = c21 = 0,
C2 =


−ic223f˜331 0 0
c21 0 c23
c31 −c33 f˜
33
1
f˜23
1
c33

 , (52)
with the conditions f˜221 = (
c2
23
+c2
33
c2
32
)f˜331 and c23, c33 ∈ ℜ − {0}, as well as imposing that C2 must be transfor-
mation matrix, we have c31 = c21 = 0,
C3 =

 c11 0 0c21 c22 c23
c31 c32 c33

 , (53)
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with the conditions f˜221 = (
c2
23
+c2
33
c2
22
+c2
32
)f˜331, f˜
23
1 = −( c33c32+c22c23c2
22
+c2
32
)f˜331 and c11 ∈ ℜ− {0}, c22, c23, c32,
c33 ∈ ℜ with the conditions c223+ c233 6= 0, c222+ c232 6= 0, as well as imposing that C3 must be the transformation
matrix, we have c31 = c21 = 0.
4.2. For the above solution we have isomorphism matrices C4, C5, C6, C7 and C8 between C
2
p , C
3, C4 and
C5p with (A1,1 + 2A)
2 as follows:
C4 =

 −ic32(c23 − c33)f˜
23
1 0 0
c21 c32 c23
c31 c32 c33

 , (54)
with the conditions f˜221 = −( c23+c33c32 )f˜231, f˜331 = 0, c23 6= c33, c32 ∈ ℜ−{0} and c23, c33 ∈ ℜ, as well as imposing
that C4 must be the transformation matrix, we have c31 = c21 = 0,
C5 =

 ic32(c23 + c33)f˜
23
1 0 0
c21 −c32 c23
c31 c32 c33

 , (55)
with the conditions f˜221 = (
c23−c33
c32
)f˜231, f˜
33
1 = 0, c23 6= −c33, c32 ∈ ℜ−{0} and c23, c33 ∈ ℜ, as well as imposing
that C5 must be the transformation matrix, we have c31 = c21 = 0,
C6 =


−ic223f˜331 0 0
c21 0 c23
c31 −c33 f˜
33
1
f˜23
1
c33

 , (56)
with the conditions f˜221 = −( c
2
23
−c2
33
c2
32
)f˜331 and c23, c33 ∈ ℜ − {0}, as well as imposing that C6 must be the
transformation matrix, we have c31 = c21 = 0,
C7 =


ic233f˜
33
1 0 0
c21 c22 −c22 f˜
23
1
f˜33
1
c31 0 c33

 , (57)
with the conditions f˜221 = (
c2
23
−c2
33
c2
22
)f˜331 and c22, c33 ∈ ℜ − {0}, as well as imposing that C7 must be the
transformation matrix, we have c31 = c21 = 0,
C8 =

 c11 0 0c21 c22 c23
c31 c32 c33

 , (58)
with the conditions f˜221 = (
c2
33
−c2
23
c2
32
−c2
22
)f˜331, f˜
23
1 = (
c22c23−c32c33
c2
32
−c2
22
)f˜331 and c11 ∈ ℜ − {0}, c22, c23, c32,
c33 ∈ ℜ with the conditions c233− c223 6= 0, c232− c222 6= 0, as well as imposing that C8 must be the transformation
matrix, we have c31 = c21 = 0.
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